
Oda Lift

[5] weight

O(2, n− 2) lifting Weil

Shintani [6], Niwa [4] O(2, 1)0 ∼ SL2(R)

O(2, 2)0 ∼ SL2(R) × SL2(R) n = 4 Doi-Naganuma lift [1], [3]

weight 2k−2 weight k 2 Siegel lifting (Saito-

Kurokawa lift) Zagier [9] Jacobi

[7] Jacobi

Oda lift §1, 2 §3

Oda lift Oda [5] Jacobi

§4 Fourier Maass lift Oda lift

Hecke

Jacobi Q 2 [5]

Q 1

Q n x, y ∈ Mn,1

Q(x, y) := txQy, Q[x] := Q(x, x)

z ∈ C e[z] = e2πiz P

δ(P ) :=

{
1 P

0 P

δ(a = b) Kronecker delta δa,b

§1.

1.1.

S m even integral i.e.

Q0 := −S, Q1 :=

⎛
⎜⎝ 1

Q0

1

⎞
⎟⎠ , Q = Q2 :=

⎛
⎜⎝ 1

Q1

1

⎞
⎟⎠

Q (2,m + 2)

V0 := Rm, V1 :=

⎛
⎝ R

V0

R

⎞
⎠ = Rm+2, V = V2 :=

⎛
⎝ R

V1

R

⎞
⎠ = Rm+4

1
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L0, L1, L = L2 Li Qi

L∗
i = Q−1

i Li (i = 0, 1, 2)

Gi = O(Qi)
0 :=

{
gi ∈ GLm+2i(R)

∣∣∣ tgiQigi = Qi

}0
(i = 0, 1, 2)

Gi G = G2 G0 ⊂ G1 ⊂ G

V1,C = V1 ⊗R C = Cm+2

D :=
{
Z =

⎛
⎝ τ

w
z

⎞
⎠ ∈ V1,C

∣∣∣ Q1[Im Z] > 0, Im τ > 0
}
� Z0 =

⎛
⎝ i

0
i

⎞
⎠

Q1[Im Z] > 0 Z ∈ V1,C D −D disjoint union

g ∈ G, Z ∈ D Z ∈ D

Z∼ :=

⎛
⎝ Q1[Z]/2

Z
1

⎞
⎠ ∈ VC , g · Z∼ := (g〈Z〉)∼ · JG(g,Z)

G D Z 	→ g〈Z〉 G × D JG(g,Z)

Z0 ∈ D G K

G/K ∼= D, K ∼= SO(2) × SO(m + 2)

Z ∈ D

dZ := (Q1[Im Z]/2)−(m+2) d(ReZ) d(ImZ), d(ReZ), d(ImZ) : Lebesgue

D G

x ∈ V1, y ∈ V0

n(x) :=

⎛
⎜⎝ 1 −txQ1 −Q1[x]/2

1m+2 x

1

⎞
⎟⎠ ∈ G, n1(y) :=

⎛
⎜⎝ 1 −tyQ0 −Q0[y]/2

1m y

1

⎞
⎟⎠ ∈ G1

G

g = n(x)n1(y)diag(a, b, 1m, b−1, a−1) k (x ∈ V1, y ∈ V0, a, b > 0, k ∈ K)

dg := a−(m+3)b−(m+1) dx dy da db dk, vol(K) = 1

G Haar D ϕ∫
G

ϕ(g〈Z0〉) dg =
1

2

∫
D

ϕ(Z) dZ

2
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1.2.

G Γ, Γ ∗

Γ := G ∩ GLm+4(Z) ⊃ Γ ∗ := {γ ∈ Γ | (γ − 1)L∗ ⊂ L}

Γ ∗ Γ k ∈ N D F{
(i) F (γ〈Z〉) = JG(γ,Z)k F (Z) for ∀γ ∈ Γ ∗

(ii) Supg∈G|F
gr(g)| < ∞ F gr(g) := F (g〈Z0〉) JG(g,Z0)

−k

Γ ∗ weight k Sk(Γ
∗)

Γ Sk(Γ )

1.1 F ∈ Sk(Γ
∗)

F (Z) =
∑
η∈L∗

1

iη∈D

aF (η) e[Q1(η,Z)]

Fourier τ Fourier

F (

⎛
⎝ τ

w
z

⎞
⎠) =

∞∑
n=1

Fn(z,w) e[nτ ], Fn(z,w) =
∑

a∈Z, α∈L∗

0

aF (

⎛
⎝ a

α
n

⎞
⎠) e[az − S(α,w)]

F1, F2 ∈ Sk(Γ
∗) Petersson

〈F1, F2〉k :=

∫
Γ ∗\D

F1(Z) F2(Z) (Q1[ImZ]/2)k dZ

§2. Jacobi

2.1.

S m even integral

HS :=
{

[ξ, η, ζ]
∣∣∣ ξ, η ∈ V0, ζ ∈ R

}
[ξ, η, ζ] · [ξ′, η′, ζ ′] := [ξ + ξ′, η + η′, ζ + ζ ′ + S(ξ, η′)]

[0, 0, 0] [ξ, η, ζ]−1 = [−ξ,−η,−ζ + S(ξ, η)] HS

ZS := {[0, 0, ζ] | ζ ∈ R} G′ := SL2(R) HS

g−1[ξ, η, ζ]g := [ξ′, η′, ζ ′], (ξ′, η′) := (ξ, η)g, ζ ′ := ζ − S(ξ, η)/2 + S(ξ′, η′)/2

HS G′ GS := HS ·G′ Jacobi ZS HS

3
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Jacobi GS G g =

(
a b
c d

)
∈ G′ := SL2(R)

ι(g) :=

⎛
⎝ g′

1n−2
g

⎞
⎠ , g′ := J−1 tg−1 J =

(
a −b
−c d

)

ι(g) ∈ G ξ, η ∈ V0, ζ ∈ R

ι([ξ, η, ζ]) :=

⎛
⎜⎜⎜⎜⎜⎜⎝

1 0 tηS S(ξ, η) − ζ S[η]/2

0 1 tξS S[ξ]/2 ζ

1m ξ η

1 0

0 1

⎞
⎟⎟⎟⎟⎟⎟⎠

G ι([ξ, η, ζ]g) := ι([ξ, η, ζ])ι(g) ι : GS −→ G

ι GS ⊂ G

Jacobi GS DS := H × Cm

g〈(z,w)〉 := (g〈z〉, wj(g, z)−1 + ξg〈z〉 + η) (g[ξ, η, ζ]g)

g =

(
a b
c d

)
∈ G′ g〈z〉 := (az+b)(cz+d)−1, j(g, z) := cz+d

Z0 = (i, 0) ZS · SO(2)

k, n ∈ N GS ×DS

Jk,n([ξ, η, ζ]g, (z,w)) := j(g, z)k e

[
n
{
−ζ +

(
c

2
S[w] − S(ξ, w)

)
j(g, z)−1 −

g〈z〉

2
S[ξ]
}]

Jk,n GS ×DS

Jk,n(g g′, Z) = Jk,n(g, g′〈Z〉) Jk,n(g′, Z) (g, g′ ∈ GS , Z ∈ DS)

2.2. Jacobi

Γ ′ := SL2(Z) ⊂ G′ ΓS := {[ξ, η, ζ] | ξ, η ∈ L0, ζ ∈ Z} · Γ ′ DS

f 2{
(i) f(γ〈Z〉) = Jk,n(γ, Z) f(Z) ∀γ ∈ ΓS , ∀Z ∈ DS

(ii) Supg∈GS
|f(g〈Z0〉)Jk,n(g, Z0)

−1| < ∞

ΓS weight k, index n n · S Jacobi

Sk,n(ΓS)

DS = H × Cm

dZ :=
dx dy

y2
dξ dη, Z = (z,w) = (x + iy, ξz + η) ∈ H

4
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dξ, dη V = Rm Lebesgue dZ GS = HS · G

Jacobi Sk,n(ΓS) Petersson

〈f1, f2〉k,n :=

∫
ΓS\DS

f1(Z) f2(Z) yke−2πnyS[ξ] dZ

Hilbert

f ∈ Sk,n(ΓS) ΓS,∞ :=
{

[0, η, ζ]

(
1 x
0 1

) ∣∣∣ η ∈ L0, ζ, x ∈ Z
}

GS

2.1 f ∈ Sk,n(ΓS)

f(Z) =
∑

a∈N ,α∈L∗

0

an−S[α]/2>0

af (a, α) ea,α(Z), ea,α(Z) := e[az + S(α,w)]

Fourier

2.1 g = [ξ, η, ζ]g ∈ GS , Z =

⎛
⎝ τ

w
z

⎞
⎠ ∈ D g〈Z〉 :=

⎛
⎝ τ ′

w′

z′

⎞
⎠

⎧⎨
⎩

(z′, w′) = g〈(z,w)〉, J(g,Z) = j(g, z)

τ ′ = τ + ζ − (
c

2
S[w] − S(ξ, w))j(g, z)−1 +

g〈z〉

2
S[ξ]

ΓS ⊂ Γ ∗ F ∈ Sk(Γ
∗) n-th Fourier-Jacobi Fn Sk,n(ΓS)

2.3.

z ∈ H Cm h

h(w + ξz + η) = e[−
z

2
S[ξ] − S(ξ, w)] · h(w) ∀ξ, η ∈ L0

ΘS,z α ∈ L∗
0

θα(z,w) :=
∑
l∈L0

e[
z

2
S[α + l] + S(α + l, w)]

H ΘS,z

2.2 θα α ∈ L∗
0/L0 {θα(z,w) | α ∈ L∗

0/L0} ΘS,z

θα Γ ′ = SL2(Z) Shintani [6] Proposition 1.6,

[2]

2.3 γ =

(
a b
c d

)
∈ Γ ′

θα(γ〈(z,w)〉) = ε(γ)−mj(γ, z)m/2J0,1(γ, (z,w))
∑

β∈L∗/L

cα,β(γ)θβ(z,w)

5
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cα,β(γ) :=

⎧⎪⎨
⎪⎩

δα,aβ · e[abS[α]/2] (c = 0)

(det S)−1/2|c|−m/2
∑

l∈L0/L0c

e

[
aS[α + l] − 2S(α + l, β) + dS[β]

2c

]
(c �= 0)

ε(γ) :=

{
e[sgn(c)/8] (c �= 0)

e[(1 − d)/8] (c = 0)

U(γ) := ε(γ)−m(cα,β(γ)) detS = |L∗/L|

2.2 N S N · S−1 even integral

Γ1(2N) U(γ)

f ∈ Sk,1(ΓS) z ∈ H f(z, ∗) ∈ ΘS,z

(∗) f(z,w) =
∑

α∈L∗

0
/L0

ϕα(z) · θα(z,w)

f 	−→ (ϕα)α∈L∗

0/L0

Sk,1(ΓS) ∼= Sk−m/2(Γ
′, U)

(ϕα(γ〈z〉)α∈L∗

0
/L0

= j(γ, z)k−m/2U(γ)(ϕα(z))α∈L∗

0
/L0

∀ γ ∈ Γ ′

2.4. Poincaré

(a, α) ∈ Z × L∗
0 Δa,α := a − S[α]/2 > 0

fa,α(Z) :=
∑

γ∈ΓS,∞\ΓS

Jk,1(γ, Z)−1 ea,α(γ〈Z〉) (Z ∈ DS)

Poincaré

2.4 k > m+2 fa,α(Z) DS fa,α ∈ Sk,1(ΓS)

(1) f ∈ Sk,1(ΓS)

〈f, fa,α〉k,1 = AS,kΔ
−(k−1−m/2)
a,α af (a, α) ,

AS,k = (detS)−1/22−(k−1)(2π)−(k−1−m/2) Γ(k − 1 − m/2) .

Sk,1(ΓS) Poincaré fa,α

(2) (a, α), (b, β) ∈ Z × L∗
0, Δa,α, Δb,β > 0

Δ−(k−1−m/2)
a,α afb,β

(a, α) = Δ
−(k−1−m/2)
b,β afa,α(b, β) .

2.3 (a, α), (b, β) ∈ Z × L∗
0

(a, α) ∼ (b, β) ⇐⇒ α ≡ β (mod L0) Δa,α = Δb,β

6
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f ∈ Sk,1(ΓS) Fourier

Poincaré

Poincaré Fourier

2.5 (a, α) ∈ Z ×L∗
0, Δa,α > 0 fa,α (b, β) (Δb,β > 0)

Fourier

afa,α(b, β) = C+((a, α); (b, β)) + (−1)kC+((a,−α); (b, β))

C+((a, α); (b, β)) = δ((a, α) ∼ (b, β)) + 2π(−i)k(det S)−1/2
(Δb,β

Δa,α

)(k−1−m/2)/2

×

∞∑
c=1

Hc((a, α); (b, β))c−1−m/2Jk−1−m/2(
4π

c

√
Δa,αΔb,β)

Hc((a, α); (b, β)) =
∑

ξ∈L0/L0c

∑
d∈Z/cZ

(c,d)=1

e
[1
c

{a0

2
S[ξ] + a0S(ξ, α) + a0a + db − S(ξ + α, β)

}]

(c, d) = 1 a0d − b0d = 1 a0, b0 ∈ Z J

Jν(z) := (z/2)ν
∞∑

n=0

(−1)n(z/2)2n

n! Γ(ν + n + 1)

Bessel

§3. Oda lift

3.1.

z = x + iy ∈ H, k ∈ N V = Rm+4 fz,k

fz,k(v) := Q(Z∼
0 , v)k · e[Qz[v]/2], Qz := xQ + iyR, R :=

⎛
⎜⎝ 12

S

12

⎞
⎟⎠

θk(z, g;μ) :=
∑
l∈L

y(m+2)/2fz,k(g
−1(l + μ))

μ ∈ L∗ γ =

(
a b
c d

)
∈ Γ ′

θk(γ〈z〉, g;μ) = ε(γ)m j(γ, z)k−m/2
∑

ν∈L∗/L

c′μ,ν(γ)θk(z, g; ν)

c′μ,ν(γ)

⎧⎪⎨
⎪⎩

δ(μ − νa ∈ L) · e[abQ[μ]/2] (c = 0)

|det Q|−1/2|c|−(m+4)/2
∑

r∈L/Lc

e
[aQ[μ + r] − 2Q(μ + r, ν) + dQ[ν]

2c

]
(c �= 0)

7
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[6] Proposition 1.6

π : L∗ −→ L∗
0 Z = (z,w) ∈ DS , g ∈ G

Θk(Z, g) :=
∑

μ∈L∗/L

θk(z, g;μ) · θ−π(μ)(Z)

= y(m+2)/2
∑
μ∈L∗

fz,k(g
−1μ) θ−π(μ)(Z)

3.1

(1) Θk(Z, γgκ) = JG(κ,Z0)
k · Θk(Z, g) for ∀γ ∈ Γ ∗, ∀κ ∈ K .

(2) Θk(γ〈Z〉, g) = Jk,1(γ, Z) · Θk(Z, g) for ∀γ ∈ ΓS .

3.2. Oda lift

k > 2m + 4 f ∈ Sk,1(ΓS), F ∈ Sk(Γ
∗)

(ιf)(g) :=

∫
ΓS\DS

f(Z) Θk(Z, g) yk e−2πyS[ξ] dZ

(ρF )(Z) :=

∫
Γ ∗\G

F (g) Θk(Z, g) dg

F (g) := F (g〈Z0〉) JG(g,Z0)
−k F G

ι(f), ρ(F ) Γ ∗, ΓS Petersson

adjoint

〈ι(f), F 〉k = 〈f, ρ(F )〉k,1 (f ∈ Sk,1(ΓS), F ∈ Sk(Γ
∗))

Fourier k ι(f) ∈

Sk(Γ
∗), ρ(F ) ∈ Sk,1(ΓS)

3.3. ρF Fourier

F ∈ Sk(Γ
∗) ρF (ρF )(γ〈Z〉) = Jk,1(γ, Z) (ρF )(Z) (γ ∈

ΓS) v ∈ V Gv := {h ∈ G | hv = v}, Kv := K ∩ Gv, Γ ∗
v := Γ ∗ ∩ Gv

Gv Haar dvh Gv\G d′v ġ∫
G

Φ(g) dg =

∫
Gv\G

d′v ġ

∫
Gv

Φ(hg) dvh

(ρF )(Z) =
∑
{μ}Γ∗

θ−π(μ)(Z)

∫
Γ ∗

μ\G
y(m+2)/2fz,k(g

−1μ) F (g) dg

{μ}Γ ∗ μ ∈ L∗ Γ ∗

Q[μ] ≤ 0 =⇒

∫
Γ ∗

μ\Gμ

Φ(hg) dμh = 0

8
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μ ∈ L∗ i.e. n ≥ 2 μ �∈ L∗n γ ∈ Γ ∗

γμ = η∼a,α :=

⎛
⎝ 0

ηa,α

0

⎞
⎠ , ηa,α =

⎛
⎝ a

−α
1

⎞
⎠ (a, α) ∈ Z × L∗

0

ρF (Z) =
∑

a∈Z, α∈L∗

0/L0

Δa,α>0

∑
n∈N

θnα(Z) nk−(m+2) A((a, α);n2z)

A((a, α); z) =

∫
Γ ∗

η∼a,α
\G

y(m+2)/2 fz,k(g
−1η∼a,α) F (g) dg

Ga,α := Gη∼
a,α

(1,m + 2)

O(

⎛
⎜⎝ 1

−T

1

⎞
⎟⎠)0, T =

(
S Sα

tαS 2a

)

h =

⎛
⎜⎝ 1 tyT T [y]/2

1m+1 y

1

⎞
⎟⎠
⎛
⎜⎝ t

1m+1

t−1

⎞
⎟⎠ k (k ∈ Ka,α)

Ga,α Haar

da,αh := t−(m+2)dt dx dk

(∫
Ka,α

dk = 1

)

3.2 k > 2m + 4, F ∈ Sk(Γ
∗)

(1) ρF ∈ Sk,1(ΓS) .

(2) (a0, α0) ∈ Z × L∗
0, Δa0,α0

> 0

aρF (a0, α0) = c(ρ)
∑

a,n∈N , α∈L∗

0/L0

Δa0,α0
=n2Δa,α, α0−nα∈L0

nk−m−2Δ(k−m−1)/2
a,α Ia,α

Ia,α :=

∫
Γ ∗

a,α\Ga,α

F (hga,α) da,αh, c(ρ) := ik(det S)−1/2 2k−1−m/2 .

3.4. ιF Fourier

(a, α) ∈ Z × L∗
0, Δa,α > 0

Ωa,α(Z) :=
∑
l∈L∗

π(l)+α∈L0

Q[l]/2=Δa,α

Q(Z∼, l)−k =
∑
n∈Z

Ω(n)
a,α(Z)

9
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Ω(n)
a,α(Z) :=

∑
b∈Z, β∈L∗

1

π(β)+α∈L0

bn+Q1[β]/2=Δa,α

(
−

n

2
Q1[Z] + Q1(Z, β) + b

)−k

Ω(0)+
a,α (Z) :=

∑
b∈Z, β∈L∗

1

π(β)+α∈L0

Q1[β]/2=Δa,α, iβ∈D

(
Q1(Z, β) + b

)−k

Ω+
a,α(Z) := Ω

(0)+
a,α (Z) +

∑
n≥1 Ω

(n)
a,α(Z)

Ωa,α(Z) = Ω+
a,α(Z) + (−1)kΩ+

a,−α(Z)

3.3 (a, α) ∈ Z × L∗
0, Δa,α > 0

(1) Poincare fa,α ι Ωa,α

(ιfa,α)dm(Z) := (ιfa,α)(g) JG(g,Z0)
k = c(ι) · Ωa,α(Z) (Z = g〈Z0〉) .

c(ι) := 2−m/2(detS)−1/2π−kΓ(k).

(2) Ωa,α ∈ Sk(Γ
∗) Ω+

a,α ν ∈ L∗
1 (iν ∈ D) Fourier C+

a,α(ν)

Bessel

C+
a,α(ν) = C(0)+

a,α (ν) +

∞∑
n=1

(2π)k+1

n1+m/2Γ(k)(det S)1/2
·
(Q1[ν]

2Δa,α

)(k−1−m/2)/2

× Jk−1−m/2(
4π

n

√
Δa,αQ1[ν]/2)

∑
λ∈L∗

1/L1n
Q1[λ]/2−Δa,α∈nZ

π(λ)+α∈L0

e[−Q1(ν, λ)/n]

C(0)+
a,α (ν) :=

(−2πi)k

Γ(k)

∑
r∈N ,ν∈L∗

1r

Q1[νr−1]/2=Δa,α

π(νr−1)+α∈L0

rk−1

3.5. Zagier identity

Fourier Maass

Zagier [8] Theorem 3, Oda [5] Theorem 5

3.4 Z ∈ DS , Z ∈ D∑
(a,α)∈Z×L∗

0

Δa,α>0

Δk−1−m/2
a,α Ωa,α(Z) ea,α(Z) =

∑
(b,β):/∼

Δ
k−1−m/2
b,β Ω

(0)+
b,β (Z) fb,β(Z)

(b, β) 2.3

fb,β Fourier ea,α(Z)

e[Q1(ν,Z)] Jk−1−m/2(∗)

3.4

10
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§4. Maass type lift

4.1. Maass

N ∈ N , f ∈ Sk,1(ΓS) DS VNf

(VNf)(z,w) := Nk−1
∑

B∈Γ ′\T (N)

j(B, z)−ke

[
−

cN

2
S[w]j(B, z)−1

]
f(B〈z〉, wNj(B, z)−1)

T (N) =

{
B =

(
a b
c d

)
∈ M2(Z)

∣∣∣∣ det B = N

}

B〈z〉 :=
az + b

cz + d
, j(B, z) = cz + d for B =

(
a b
c d

)
∈ T (N)

VNf ∈ Sk,N(ΓS)

4.1 f ∈ Sk,1(ΓS) D I(f)

I(f)(

⎛
⎝ τ

w
z

⎞
⎠) =

∞∑
N=1

(VNf)(z,w) e[Nτ ]

=
∑

a,b∈N ,α∈L∗

0

{ ∑
r∈N

a,b∈rZ
α∈L∗

0r

rk−1af (abr−2, αr−1)

}
e[az + S(α,w) + bτ ]

(1) I(f) ∈ Sk(Γ
∗) I Maass type lift

(2) I Sk,1(ΓS) Sk(Γ
∗) I Maass space

{
F ∈ Sk(Γ

∗)

∣∣∣∣ aF (

⎛
⎝ a

α
b

⎞
⎠) =

∑
r∈N

a,b∈rZ, α∈L∗

0r

rk−1aF (

⎛
⎝ abr−2

αr−1

1

⎞
⎠) for ∀

⎛
⎝ a

α
b

⎞
⎠ ∈ L∗

1

}

Γ ∗ ΓS , Γ ∗
1

M :=

⎛
⎜⎝ −J

1m

−J

⎞
⎟⎠ , J :=

(
0 1
1 0

)

VN ΓS Fourier

Γ ∗
1 M τ z

4.2. Oda

4.2 k > 2m + 4 f ∈ Sk,1(ΓS)

(ιf)dm(Z) := (ιf)(g) JG(g,Z)k = 2c(ρ) · I(f)(Z) (Z = g〈Z0〉) .
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Zagier Identity 3.4 ea,α(Z) (a, α) ∈ Z ×

L∗
0, Δa,α > 0

Δk−1−m/2
a,α Ωa,α(Z) =

∑
(b,β)/∼

Ω
(0)+
b,β (Z) Δ

k−1−m/2
b,β afb,β

(a, α) .

2.4

Ωa,α(Z) =
∑

(b,β):/∼

Ω
(0)+
b,β (Z) afa,α(b, β)

=
∑

(b,β):/∼

(−2πi)k

Γ(k)

∑
ν∈L∗

1, iν∈D

∑
r∈N , ν∈L∗

1r

Q1[νr−1]=b−S[β]/2
π(νr−1)+β∈L0

rk−1e[Q1(ν,Z)] · afa,α(b, β)

=
(−2πi)k

Γ(k)

∑
ν∈L∗

1, iν∈D
tν=(a,tα,b)

∑
r∈Nνr−1∈L∗

1

rk−1afa,α(abr−2,−αr−1) e[Q1(ν,Z)]

§5. Hecke

m even integral S maximal g ∈

Mm(Z) ∩ GLm(Q) S[g−1] := tg−1Sg−1 even integral g ∈ GLm(Z)

Jacobi Q

G Q

GQ :=
{

g ∈ GLm+4(Q)
∣∣∣ tgQg = Q

}
v Qv Gv adele GA

R G0
∞

5.1. Jacobi Hecke L

p GS,p = GS(Qp) compact KS,p

KS,p :=
{

[ξ, η, ζ]g
∣∣∣ ξ, η ∈ L0,p := L0 ⊗Z Zp, ζ ∈ Zp, g ∈ SL2(Zp)

}
GS,p ZS,p := {[0, 0, ζ] | ζ ∈ Qp} QA/Q basic character

χ =
∏

v χv χ∞(x) = e[x]

GS,p KS,p C φ

φ([0, 0, ζ]g) = χp(ζ)φ(g) for ∀ζ ∈ Qp,
∀g ∈ GS,p

ZS,p\supp φ compact HS,p convolution

(φ1 ∗ φ2)(g) :=

∫
ZS,p\GS,p

φ(g g1
−1) φ2(g1) dg1 vol(ZS,p\ZS,pKS,p) = 1
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C-algebra φ0,p GS.p 1 support ZS,pKS,p

S Qp Witt νp m = 2νp +n0,p n0,p 0 ≤ n0,p ≤ 4

S maximal

L′
0,p := {x ∈ L∗

0.p | S[x]/2 ∈ Zp}

L0,p Zp lattice L′
0,p/L0,p Fp = Zp/pZp

∂p 0 ≤ ∂p ≤ 2 φp, φ′
0,p ∈ HS,p

supp φp = ZS,pKS,p

(
p

p−1

)
KS,p, φp(

(
p

p−1

)
) = 1

supp φ′
0,p = ZS,pKS,p{[0, η, 0] | η ∈ L′

0,p}KS,p, φ′
0,p([0, η, 0]) = p−∂p (η ∈ L′

0,p)

2 HS,p H′
S,p H′

S,p ∂p = 0, 1

HS,p

φ′
0,p ∗ φ′

0,p =

{
φ0,p ∂p = 0, 1

(1 − p−1)φ′
0,p + p−1φ0,p ∂p = 2

C-algebra λp : H′
S,p −→ C L Lp(λp; s)

Lp(λp; s) :=
{
1 − (λp(φp)p

−(1+m/2) − p∂p−n0,p/2 + p−1+n0,p/2)p−s + λp(φ
′
0,p)

−1p−2s
}−1

×

{
(1 − χS(p)p−s)−1 m : even

1 m : odd

}
× BS,p(p

−s) ,

BS,p(T ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 ∂p = 0 or (n0,p, ∂p) = (2, 1)

1 + p1/2T (n0,p, ∂p) = (1, 1)

(1 + pT )(1 + T ) (n0,p, ∂p) = (2, 2)

1 − p1/2T (n0,p, ∂p) = (3, 1)

(1 + p1/2T )(1 − p1/2T ) (n0,p, ∂p) = (3, 2)

(1 − pT )(1 − T ) (n0,p, ∂p) = (4, 2)

m χS Qp(
√

(−1)m/2 det S)/Qp

⊗′
p<∞H′

S,p convolution Jacobi Sk,1(ΓS)

Sk,1(ΓS)

f ∗ φ = λf (φ)f for ∀φ ∈ ⊗′
p<∞H′

S,p

L(f ; s) :=
∏

p Lp(λp; s) f L

5.1 (1) f ∈ Sk,1(ΓS) Hecke (a, α) ∈ Z × L∗
0

T :=

(
S Sα

tαS 2a

)
T maximal even integral

∞∑
n=1

af (an2, αn)n−(s+k−1−m/2)

13
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= af (a, α) · L(f ; s)

{
ζ(2s)−1 m : evem

L(χT ; s + 1/2)−1 m : odd

}
×
∏
p<∞

BT,p(p
−(s+1/2))−1 .

(2) L(f ; s)

L∞(f ; s) :=

{
2−sπ−3s/2(detS)s/2Γ(s + k − 1 − m/2)Γ((s + a)/2) m : even

(2π)−s(2−1 detS)s/2Γ(s + k − 1 − m/2) m : odd

a m ≡ 0, 2 (mod 4) 1, 0 ξ(f ; s) := L∞(f ; s) ·L(f ; s)

s

ξ(f ; s) =

{
−1 m ≡ 1, 3 (mod 8)

1 otherwise

}
ξ(f ; 1 − s)

5.2. Hecke L

(2,m + 2) Q G = O(Q) Qp Gp compact

Kp K∗
p

Kp := Gp ∩ GLm+4(Zp) ⊃ K∗
p := {u ∈ Kp | (u − 1)L∗

p ⊂ Lp}

Gp Kp compact support H(Gp,Kp) convolution

C-algebra

H(Gp,Kp) ∼= C[X±
1 , . . . ,X±

νp+2]
Wνp+2

Wνp+2 X1, . . . ,Xνp+2 Xi 	−→ X−1
i

Weyl

Λp H(Gp,Kp) L Lp(Λp; s)

Lp(Λp; s) · Λp(

νp+2∏
i=1

(1 − Xip
−s)(1 − X−1

i p−s))

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 (n0,p, ∂p) = (0, 0) or (1, 0)

1 + p−s+1/2 (n0,p, ∂p) = (1, 1)

(1 − p−2s)−1 (n0,p, ∂p) = (2, 0)

(1 − p−s)−1 (n0,p, ∂p) = (2, 1)

(1 − p−s)−1(1 + p1−s) (n0,p, ∂p) = (2, 2)

(1 − p−s−1/2)−1 (n0,p, ∂p) = (3, 1)

(1 − p−s−1/2)−1(1 + p−s+1/2) (n0,p, ∂p) = (3, 2)

(1 − p−s)−1(1 − p−s−1)−1 (n0,p, ∂p) = (4, 2)

S maximal

G1,A = G1,QG0
1,∞

∏
p<∞

K∗
1,p

14
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F ∈ Sk(Γ
∗) GA

⊗′
pH(Gp,Kp) convolution Sk(Γ )

F ∗ Φ = ΛF (Φ) · F for ∀Φ ∈ ⊗′
pH(Gp,Kp)

L(F ; s) :=
∏

p Lp(ΛF ; s) F L

5.3 Hecke compatibility

5.2 Jacobi f ∈ Sk,1(ΓS) ⊗′
pH

′
S,p

(1) λf (φ′
0,p) = 1 I(f) Kp λf (φ′

0,p) �= 1

λf (φ′
0,p) = −p∂p−1 ∫

Kp

I(f)(gu) du = 0

(2) λf (φ′
0,p) = 1 (for ∀p) I(f) ∈ Sk(Γ ) ⊗′

p<∞Hp(Gp,Kp)

L(I(f); s) = L(f ; s)

m∏
j=0

ζ(s + j − m/2)

5.1 f ∈ Sk,1(ΓS) HS,p I(f) H(Gp,K
∗
p )

(2)

§6. I∗◦I

S maximal Maass I : Sk,1(ΓS) −→ Sk(Γ
∗)

Petersson adjoint I∗

〈f, I∗(F )〉k,1 = 〈I(f), F 〉k f ∈ Sk,1(ΓS), F ∈ Sk(Γ
∗) .

6.1 k > 2m + 4 f ∈ Sk,1(ΓS) Hecke

I∗ ◦ I(f) = CS,k · L(f ; 1 + m/2) · f

CS,k = (det S)(m+1)/2

[(m+1)/2]∏
j=1

|B2j | · (4π)−kΓ(k)

×

{
2−m/2π−1−m/2 m : even

2−(m+1)/2Γ((m + 3)/2)−1 m : odd

}
×

{
4 −1 ∈ Γ ∗

2 −1 �∈ Γ ∗

}

I(f) GA η ∈ V1,Q (adelic) Fourier

Fη(g) :=

∫
V1,Q\V!,A

F (n(x)g) χ(−Q(η, x)) dx
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η =

⎛
⎝ a

−α
1

⎞
⎠ ∈ L∗

1, iη ∈ D T :=

(
S Sα

tαS 2a

)
maximal H

T H1 T1 :=

⎛
⎜⎝ 1

−T

1

⎞
⎟⎠ p Hp, H1,p

compact U∗
p , U∗

1,p

U∗
p = {h ∈ Hp ∩ GLm+1(Zp) | (h − 1)T−1 ∈ Mm+1(Zp)}

U∗
1,p = {h ∈ H1,p ∩ GLm+3(Zp) | (h − 1)T−1

1 ∈ Mm+3(Zp)}

H0
1,∞ X := {(x, r) ∈ Rm+1 × R | r > 0}

h1

⎛
⎝ r + T [x]/2

x
1

⎞
⎠ =

⎛
⎝ r′ + T [x′]

x′

1

⎞
⎠ · JH1

(h1, (x, r))

(x, r) 	−→ h1〈(x, r)〉 := (x′, r′) (1, 0) ∈ X

U∗
1,∞ SO(m + 1)

HA U∗
A := H0

∞

∏
p U∗

p S(U∗
A) ϕ ∈ S(U∗

A)

H1 Eisenstein

E(h1, ϕ; s) =
∑

γ∈P1,Q\H1,Q

ϕ(β(γh1)) |α(γh1)|
s+(m+1)/2
A

h1 =

⎛
⎜⎝ α(h1) ∗ ∗

β(h1) ∗

α(h1)
−1

⎞
⎟⎠u(h1) ∈ P1,AU∗

1,∞

∏
p

U∗
1,p

6.2 F ∈ Sk(
∏

p K∗
p ), ϕ ∈ S(U∗

A)∫
H1,Q\H1,A

F (h1gη) E(h1, ϕ; s − 1/2) dh1

=

∫
Q×

A

{∫
HQ\HA

Fη(

⎛
⎜⎝ t

h

t−1

⎞
⎟⎠ gη) ϕ(h) dh

}
|t|s−(m+2)/2 d×t

gη ∈ G0
1,∞ gη · Z0 = iη(Q1[η]/2)−1/2

6.3 1 HA 1 E(h1,1; s) s = (m + 1)/2 1

Res
s=1+m/2

E(h1,1; s) =
(2π)(m+1)/2

(detT )1/2

Γ((m + 1)/2)

Γ(m + 1)

Ress=1ζ(s)

ζ(m + 1)

∏
p<∞

BT,p(p
−(m+1)/2)

BT,p(p−(m+3)/2)⎧⎪⎪⎨
⎪⎪⎩

ζ(m + 1)

ζ(m + 2)
m : even

L(χT ; (m + 1)/2)

L(χT ; (m + 3)/2)
m : odd
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h1

6.4 HQ\HA

vol(HQ\HA) = vol(H∗
A) 21−mπ−(m+1)(m+2)/2

m+1∏
j=1

Γ(j/2)(det T )m/2

[m/2]∏
j=1

ζ(2j)

×
∏

p<∞

BT,p(p
−(m+1)/2)

{
1 m : even

L(χT ; (m + 1)/2) m : odd

6.1 F = I(f) Fη HA

3
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